We find exact solutions describing bidirectional pulses propagating in fiber Bragg gratings. They are derived by solving the coupled-mode theory equations and are expressed in terms of products of modified Bessel functions with algebraic functions. Depending on the values of the two free parameters the general bidirectional X-wave solution can also take the form of a unidirectional pulse. We analyze the symmetries and the asymptotic properties of the solutions and also discuss about additional waveforms that are obtained by interference of more than one solutions. Depending on their parameters such pulses can create a sharp focus with high contrast.
I. INTRODUCTION
Pulse propagation in fiber Bragg gratings is associated with phenomena that arise from the presence of Bloch waves and are utilized in a variety of applications [1, 2] . In the case of relatively weak index modulations and for optical frequencies close the Bragg frequency coupledmode theory can be successively applied [3] . The characteristic properties of their spectrum are utilized in a variety of applications. In particular, they are widely used as filters in optical communication systems, including distributed feedback gratings [4, 5] , Fabry-Perot interferometers [6] and Michelson interferometers [7] among others. In addition a variety of fiber lasers have been developed by utilizing fiber gratings. In this case, the free space mirrors are replaced with a pair of fiber Bragg gratings thus eliminating the need for realignment. In the nonlinear regime the pulse dynamics can lead to soliton formation [8, 9] as well as to pulse compression [10] .
Exact X-wave solutions were first predicted in the area of Ultrasonics [11, 12] . Linear [13, 14] as well as nonlinear X-waves [15] have been predicted and observed in optics. Exact X-wave solutions of the Bessel type have also been found [16] . In the nonlinear regime exact X-wave solutions are supported in the presence of an index potential [17] . Dark nonlinear X-waves have recently been predicted [18] .
In this article we find exact solutions describing bidirectional pulses propagating in fiber Bragg gratings. We rely on analytically solving the underlying system of coupled-mode theory equations. Our solution takes the form of a product of a modified Bessel function with an algebraic term for both the forward and the backward components. Depending on the values of its two free parameters, the general bidirectional X-wave solution can also take the form of a forward or a backward unidirectional pulse. We study the symmetries and the asymp- * Corresponding author: nefrem@uoc.gr totic properties of these solutions as well as their interference. The pulse carries infinite energy since at its tails the amplitude decay with time as 1/ |t|. However finite energy implementations are possible by truncation or apodization by multiplying the solution with a slowly varying finite energy pulse. It is interesting to point out that depending of the parameters such pulses can create a focus inside the grating.
II. COUPLED-MODE THEORY EQUATIONS
We assume that the dominant term in the refractive index distribution n + δn cos(2πz/Λ) + n 2 I is the average value of the index n, meaning that we have weak index modulations n δn and relatively weak nonlinearities n n 2 I, where n 2 is the Kerr nonlinear index coefficient, and I is the intensity of light. In addition, we assume low pulse intensities so that nonlinear index variations can be ignored. Then for optical frequencies close to the Bragg frequency, the dynamics of the forward A f and the backward A b components inside a fiber grating are described by the following coupled-mode theory differential equations [3] 
where κ > 0 is the coupling coefficient between the forward and the backward waves, δ is a measure of the detuning from the Bragg frequency δ = β 1 (ω 0 − ω B ), and β 1 = 1/v g = n/c is inversely proportional to the group velocity inside the fiber without the grating. Assuming that both z and t lie on the real line, Eqs. (1)- (2) support plane-wave solutions of the form e ikz−i(ω−ω0)t that satisfy the following dispersion relation
with D = β 1 (ω − ω B ). We note that for −κ < D < κ a gap in the spectrum exists where reflection is dominant in the case of a finite grating. 
where, W f , W b are the amplitudes of the two components without the additional phase term that are related to W m via
with V m being the composite (vector) form,
K m is the modified Bessel function of order m, and U is the amplitude. The solutions depend on two free parameters: the dimensionless variable m that describes the order of the solution, and the real variable t 0 with time dimensions. These solutions are spatiotemporally localized, and thus the field amplitude goes to zero as either z → ±∞ or t → ±∞.
By introducing normalized and dimensionless coordinates τ , ζ and the normalized and dimensionless parameters µ, ∆, B (that are directly related to t 0 , δ, U , respectively)
where P 0 is a reference value for the power, the above exact solution can be written as
where
and
The advantage of the normalized Eqs. (8)- (10) is that the additional parameters κ and β 1 are absorbed in the transformations. Note that β 1 = 1/v g determines the maximum value of the group velocity inside the grating. On the other hand, changing κ modifies the argument of the Bessel function which, in turn, changes the width of the solutions as well as contrast at the focus. Thus our solution depends on two free parameters µ and m.
Assuming that the length of the Bragg grating is 2z 0 (extending between −z 0 and z 0 ) pulses with a profile that In the three rows we depict the forward, the backward, and the total pulse components, respectively. is designed according to our solutions should excite the two edges of the grating. Specifically, the forward propagating part should be excited from z = −z 0 whereas the backward propagating part should be excited from z = z 0 .
A. Symmetries
We are now going to explore the symmetries of the system. The first property is derived from the system of Eqs. (1)- (2) . Specifically, if A(τ, ζ) is any solution of Eqs. (1)-(2) then A * (−τ, −ζ) = A(τ, ζ). In our case this directly translates to
It is obvious that by making the substitution µ → −µ is equivalent to complex conjugation, i.e., 
where σ x is a Pauli matrix and shows that by reversing the sign of m is equivalent to space inversion (or parity). Thus, we can restrict to the case m ≥ 0. Noting that the substitution τ → −τ leads to
we conclude that the amplitude of the solution associated with the modified Bessel function is even with respect to τ . Thus, any asymmetries in the amplitude of the temporal profile (see Figs. 1-2 ) are related to the presence of the algebraic term F m .
B. Examples
In Figs. 1-2 we see typical examples of the exact solutions. Specifically, in Fig. 1 m = 1 and |W f | is highly asymmetric with the forward propagating part being significantly stronger as compared to the backward propagating part. On the other hand, W b = W 0 the algebraic term is constant (unity) and the solution is even with respect to τ (|W b (τ )| = |W b (−τ )|). As a result the spatiotemporal dynamics of W f take the form of a symmetric (even) X-wave, consisting of two pulses that carry the same amount of energy, one propagating to the right direction and one propagating to the left direction. As a result the total power |W f | 2 + |W b | 2 takes the form of an asymmetric X-wave with the forward propagating component carrying more energy as compared to the backward propagating component. Focusing on W f we see that its profile close to the peak power is highly asymmetric taking the form of a shock wave or a caus-tic. Specifically, for negative ζ the solution is very steep in the right edge of the shock decaying abruptly to zero as τ increases. On the other hand the solution decays slowly to zero as τ decreases. The direction of the shock is inverted for ζ > 0 as expected from Eq. (11). W b also exhibits similar behavior along both of its high power peaks. Note that the maximum power increases up to ζ = 0 (ζ = 0, τ = 0 is the focus) and then decreases as ζ starts to take positive values. We see that close to ζ = 0, τ = 0 the pulse focuses and its power increases. This focusing effect can be significantly enhanced by increasing the value of µ leading to a very sharp focus with high contrast.
Two additional examples for m = 3 and m = 5 are shown in Fig. 2 . We can clearly see in this case that both pulse components co-propagate to the right, with W f being the dominant in terms of its maximum power. In comparison with Fig. 1 the width of the pulse is narrower decaying much faster to zero. In addition, the maximum power does not change as significantly with ζ as in the previous example. Note that as m increases the solutions become more unidirectional, the relative amplitude of W f decreases, and the solutions become more localized.
C. Asymptotics calculations
The properties of these pulses can be analyzed by carrying out asymptotic calculations. We focus in the case where the absolute value of the argument of the Bessel function is large enough. Note that for constant ζ we have |ζ 2 −(τ − iµ) 2 | 1/2 ≥ 2µ|ζ|. Thus for |ζ| 1/(2µ) the following expression
is highly accurate for all τ . Note that in this limit asymptotically the Bessel function becomes independent of its order m and all the information about the order of the solution is carried out by the algebraic term. From the absolute value of Eq. (15) we obtain
By taking the limit |τ | |ζ| we can find the asymptotic behavior of the solution at its tails. Specifically, keeping only first order terms we find that
Since the solution decays as 1/ |τ | the total energy carried by the pulse is infinite. However, as in the case of diffraction-free waves (of the Airy or the Bessel type) finite energy realizations that maintain the properties of the solutions can be derived. This can be done either by multiplying the initial condition with a broad pulse with finite energy (for example with a Gaussian or a flattop super-Gaussian) or by truncating the initial condition (setting its amplitude to zero) for |τ | > |τ 0 |. The free parameter µ strongly affects the maximum values of the amplitude of the solution. Specifically, we see that as µ goes to zero, both the Bessel and the algebraic part of the solution become singular with the amplitude going to infinity along the trajectory τ = ζ. In addition, the pulsewidth gets reduced. On the other hand, by increasing µ the pulsewidth increases and the peak power reduces.
The second free parameter of our solution is the order m. As we showed for |ζ| 1/(2µ) all the information about the order of the solutions is carried out by the algebraic term F m . Thus, in order to analyze the effect of the parameter m we will focus on finding the extrema of |F m |. Specifically, |F m | has two extrema
which, via comparison with the numerical results coincide with the trajectories of the forward and backward propagating pulses. When m > 0 and τ > 0 the trajectory τ + (ζ) of Eq. (18) is a maximum of |F m | whereas τ − (ζ) is a minimum. By changing the sign of either m or τ results to interchanging the locations of the minimum and the maximum. Close to the maximum the algebraic term becomes
Close to the minima in the above formula the numerator and the denominator are interchanged. We see that as m increases the amplitude close the maximum of |F m | increases rapidly, whereas at the minimum the amplitude of |F m | goes to zero. Thus by increasing m the solution becomes more unidirectional and, in addition, more temporally localized. The effect of increasing m while keeping a constant value of µ, as described above, becomes apparent by comparing Fig. 1 with Fig. 2 . Furthermore, since the amplitude at the tails, as given by Eq. (17) does not depend on m the contrast between the maximum pulse power and the power at the tails increases with m.
D. Interference of solutions
Eqs. (8)- (10) contains two free parameters m and µ. The most general interference of such solutions is obtained by summation over m and integration over µ with a complex weight g(m, µ). Such an interference of more than one solutions can be utilized to engineer pulses with specific characteristics. Specifically, in the left column of Fig. 3 we interfere two solutions Ψ m with m = 0 and m = 1. As a result, the total power of the solution takes the form of an X-wave that respects parity. Note that the two solutions have a π-phase difference and thus exactly at τ = ζ = 0 the amplitude is zero due to destructive interference. In the case of zero phase difference the interference of the two pulses is going to be constructive resulting to an X-wave that attains a maximum at τ = ζ = 0. In the right column of Fig. 3 we can see the X-wave generated by the interference of two solutions A m (µ, τ, ζ) of the same order m = 1 and different values of µ. We observe destructive interference along and close to the center of the main lobes (having the form of notches) of the two pulses generating the X-wave.
IV. CONCLUSIONS
In conclusion, we have found exact solutions that describe bidirectional pulses that propagate inside fiber Bragg gratings. They are obtained by directly solving the coupled-mode theory equations, describe bidirectional spatiotemporal X-waves or unidirectional pulses, and are expressed in terms of modified Bessel functions. We analyze the symmetries of the solutions, derive simplified asymptotic expressions and analyze the effect of the two free parameters in the form of the solutions. We also study waves that are obtained by the interference of such exact solutions.
